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We show that the numbers of generations and anti-generations of a (2,2) string compact- 
ification with diagonal internal theory can be expressed in terms of certain specifications of 
the elliptic genus of the untwisted internal theory which can be computed from the Poincare 
polynomial. To establish this result we show that there are no cancellations of positive and 
negative contributions to the Euler characteristic within a fixed twisted sector. For our consid- 
erations we recast the orbifolding procedure into an algebraic language using simple currents. 
Turning the argument around, this allows us to define the 'extended Poincare polynomial' 
P(t,x), which encodes information on the orbits of the spinor current under fusion, for non- 
diagonal N = 2 superconformal field theories. As an application, we derive an explicit formula 
for P(t, x) for general Landau-Ginzburg orbifolds. 
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1 Introduction 



The most accessible and most important quantities characterizing a string compactification 
arise in the description of the spectrum of massless excitations. A large part of this spectrum 
is topological: For a (2,2) vacuum the numbers n 21 and n-^f of generations and anti-generations 
can be computed in terms of the charge degeneracies of the Ramond ground states of the GSO- 
projected theory. In contrast, the numbers of gauge singlets and extra gauge bosons require 
additional information on the internal conformal field theory and may vary as we move in 
moduli space. The charge degeneracies of Ramond ground states of an N = 2 theory are 
conveniently encoded in their generating function, the Poincare polynomial 

P(t,t) = (tt) c / 6 Tr Ro t J H J \ (1) 

where the trace extends over the set Rq of Ramond ground states in the theory. Note that, 
strictly speaking, P is not a polynomial in t and t, since typically fractional powers occur in the 
normalization we have chosen. In practice one frequently only knows the Poincare polynomial 
for the theory before GSO-projection; this polynomial is comparatively easy to compute even 
for rather complicated N = 2 theories like Kazama-Suzuki models |J5> @j 01 ■ T° compute n 2 j 
and n^f, it is necessary to know the Poincare polynomial of the GSO-projected theory as well. 

In [|J it was shown that the 'Euler number' \ = 2(%y — n 2 j) of a string vacuum that 
results from the GSO-projection of a diagonal theory without additional twists can be obtained 
directly from the Poincare polynomial P(t) = P(t, 1) of the original internal conformal field 
theory. To compute n 27 and n^f separately, the extended Poincare polynomial was introduced 
[0 as an efficient bookkeeping device, which encodes information about the intersection of the 
orbits of the spinor current with the set of Ramond ground states. 

It was observed [@,|3| that in all known cases the extended Poincare polynomials of two 
superconformal field theories are identical whenever the Poincare polynomials are the same. 
This suggests that the extended Poincare polynomial may be fixed by the Poincare polynomial 
alone, and that this holds independently of the underlying N = 2 theory. In particular, the 
numbers of generations and anti-generations might be computable directly from the Poincare 
polynomial. In the present paper we show that for diagonal theories this is indeed the case. 
For a fixed twist of a diagonal theory, all Ramond ground states with the same right-moving 
U(l) charge contribute with the same sign to the Euler number. As a consequence, we can 
generalize the Buturovic formula and explicitly calculate n 2 -j and n-^f separately. This, in turn, 
tightly constrains the extended Poincare polynomial. 

In Section 2 we recall some basic facts about the implementation of the generalized GSO- 
projection using simple current modular invariants ||. This construction is closely related to 
Gepner's 'shift vector' method || and to Vafa's orbifolding procedure [[/J. In a brief digression 
we discuss the modding of 'geometrical' and 'quantum' symmetries from an algebraic point 
of view. The definition of the extended Poincare polynomial and its use for the calculation of 
the non-singlet spectrum is a simple application of these ideas. 

In Section 3 we analyse the index used by Buturovic for the calculation of the Euler number. 
We show that the contributions coming from a fixed twisted sector never cancel. This result 
is used to derive formulae for n 2 i and n^. 

The translation of the definition of the extended Poincare polynomial into the orbifold 
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language allows to generalize it to arbitrary N = 2 superconformal field theories. It is, there- 
fore, straightforward to derive an explicit formula for the extended Poincare polynomial for 
orbifolds of Landau-Ginzburg models; this is done in Section 4. It is crucial that this works 
for conformal field theories with arbitrary central charge c. This has important practical con- 
sequences, since the extended Poincare polynomial encodes all information that is relevant for 
the topological part of the spectrum of any vacuum that is built from a tensor product. Hence, 
if we reproduce the extended Poincare polynomial of, say, a Kazama-Suzuki model with some 
Landau-Ginzburg orbifold, then we know that all possible spectra of tensor products contain- 
ing this model must be identical to the spectrum of the tensor product that is obtained by 
replacing the Kazama-Suzuki model in this tensor product by the Landau-Ginzburg orbifold. 
As an example we consider the relation of an infinite series of non-Hermitian coset models to 
Landau-Ginzburg orbifolds. 



2 Simple currents and N = 2 superconformal theories 

To obtain a consistent string theory from an N = 2 superconformal theory, it is necessary to 
implement a number of projections, which can be described by means of integer spin simple 
currents. We will therefore first recall some basic facts about simple currents, and describe 
the ones that are present in any N = 2 theory and that constitute the 'generic center'. For 
more details we refer the reader to the review ||. 

A simple current J is a primary field whose fusion product with any primary field 
contains a single primary field J0 with multiplicity one |5J. The set of primary fields therefore 
decomposes into orbits with respect to the fusion product {J) n <p whose maximal length N is 
called the order of the simple current; the set of all simple currents of a rational conformal 
field theory forms a finite abelian group, the center. For any primary field $j we define the 
monodromy charge by Qj{<pi) = hi + hj — hji, where hi is the conformal weight of the primary 
field (pi and hj is the conformal weight of the simple current J. In operator products this 
charge is conserved modulo 2. Thus the phase exp(27riQj) is conserved under the operator 
product, which implies that the center acts as a discrete symmetry group on the conformal field 
theory. (Of course, not all symmetries have to be generated by simple currents and there are 
symmetries of a conformal field theory which are not described by its center.) The monodromy 
charges and conformal weights modulo Z of the simple currents can be parametrized by a 
matrix R as 

R i:j = r i:j /Ni = Qi(Jj) = Qj(Ji), h[„] = \ll r a a ' 1 rfRij® 1 m od !> ( 2 ) 

i ij 

where [a] = J7 J?\ -Wis is the order of the current Jj, and the diagonal elements Ra are defined 
modulo 2. 



2.1 Simple current modular invariants 

Simple currents can be used to construct modular invariants, which are closely related to 
orbifolding with respect to the corresponding discrete symmetries. To construct a modular 
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invariant we need to choose a subgroup of the center for which all diagonal entries in the 
corresponding monodromy matrix r are even, so that the spin multiplied by the order is an 
integer (this condition is non-trivial only for simple currents with even order; it is related to the 
level matching condition in the orbifold framework). From the definition of the monodromy 
charge it follows that 

h([a}Ph) = /i(0) + /i([a]) -c^Q^modZ, (3) 

while the fact that the monodromy charge is conserved modulo integers implies that 

Qi([a]Ph) = Qi{4>) + RijoP mod Z . (4) 

Furthermore, the S matrix elements for fields that are on the same orbits are related by phases, 

S [a]aMb = S^&MWW^*"* (5) 

(the indices k and / are to be summed over the chosen subgroup of the center). It can now be 
checked that the matrix 

M Ua](f> = Mult(0) J] 5 Z (Qitf) + X ij0l >) (6) 

i 

commutes with the generators S and T of modular transformations, if X is properly quantized 
and X + X T = R modulo Z; Sz{r) is 1 if r e Z and otherwise. Mult(0) is the multiplicity 
of the primary field 0, i.e. the ratio of the size of the subgroup of the center that defines 
the modular invariant over the size of the orbit containing <p. It can be shown, using certain 
regularity assumptions, that @ is the most general simple current modular invariant, i.e. a 
modular invariant that only relates primary fields on the same orbits of the center [p|,[10|. Note 
that the freedom in the choice of the anti-symmetric part of X corresponds to the freedom 
in the choice of phases of the projections in the twisted sectors of orbifolds, which are called 
discrete torsions. [] The vector a of exponents can be interpreted as a twist, i.e. it tells us 
which sector of the orbifold a certain non-diagonal field comes from (this interpretation is 
consistent with the twist selection rules). It is interesting to remark that there are several 
infinite series of simple current modular invariants known [12 1 which are not of the form (|6|), 



and therefore do not possess a description in terms of orbifolds with discrete torsion; however, 
these modular invariants do not give rise to consistent conformal field theories. 



2.2 Simple currents of N = 2 superconformal theories 

Returning to superconformal field theory, the existence of a simple current with conformal 
weight 3/2 and order 2, the supercurrent J v , follows already from N = 1 supersymmetry; its 
monodromy charge is for NS states and 1/2 in the Ramond sector. Note that we are using 
the word supercurrent to denote a primary field J v . However, it can happen that one can 
construct more than one supercharge out of descendants of this primary field.0 For N = 2 

1 Because of the coincidence of the resulting string vacua, simple current modular invariants and orbifolds 
with discrete torsion were first conjectured to be equivalent in ref. fi~i"|| . 

2 This is the case e.g. in N = 2 coset models jl3| where both supercharges belong to the same primary field 
which has a representative with trivial quantum numbers except for the so(d) part, where it is equal to the 
vector v. 
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superconformal models we have at least one more simple current, namely the Ramond ground 
state J s of highest U(l) charge, which in our normalization is c/6. This simple current, 
to which we will refer as the spinor current, implements the spectral flow: In terms of the 
bosonized £/(l) current of the N = 2 algebra J(z) = ^J^dX(z) it is given by J s = expi^J^X . 
It follows from the operator product of the free boson X that the monodromy charge Q s of 
the spinor current is related to the U(l) charge Q by Q s = —Q/2 modulo 1. Thus, if 1/M 
is the charge quantum in the NS sector and c — c/3 = k/M, then the order of the spinor 
current J s is 2M if k is even and AM if k is odd, because the charges in the Ramond sector are 
shifted by c/6. If k is odd, then J v = (J S ) 2M , so that the order of the 'generic' center, which 
is present in any rational N = 2 theory, is 4M in both cases. J s is a Ramond ground state, 
hence h s = c/24 and Q S (J S ) = —c/12. Putting the pieces together we find for the matrix of 
monodromies 

{ k/2 k even / 
R v , v = 0, R v , s = 1/2, R s , s = n - c/12 with n = I (7) 



1 k odd. 



In the case of minimal models k is the level and M = k + 2. 



A consistent heterotic (or type II) vacuum is now obtained by the following procedure. 
Working in the bosonic framework (i.e. after the bosonic string map) we have to tensor the 
internal c = 9 N = 2 superconformal theories with a D§ Kac-Moody algebra at level 1 (we 
omit a factor of E$ at level 1, which is irrelevant for our considerations). For having a well- 
defined supersymmetry generator it is essential that we project out all mixed states, which 
do not have all factors in the NS sector or all in the Ramond sector, from the tensor product. 
Furthermore, the spectrum of the string should be space-time supersymmetric. 

Both requirements can be implemented with simple currents: Note that the total spinor 
current J l s ot := s ® J s , i.e. the product of the spinor of D§ with the spinor current J s of 
the internal c = 9 theory, and the product J*°* = v ® J v of the vector v of D§ with the 
supercurrent J v both have integral spin since h(J s ) = c/24 = 3/8 and h(s) = 5/8. Moreover, 
all monodromies vanish. Hence, if we choose no torsion between J*°* and J* ot , i.e. X = 
in eq. ([]), then all fields with non-integral monodromy charges or, equivalently, U(l) charges 
that are not evenQ are projected out and both simple currents extend the chiral algebra of the 
theory. This is exactly what we want to achieve, since J*°* can be combined with right moving 
bosons to yield the gravitino vertex; on the gauge side of the heterotic string it extends the 
gauge group from to Eq. Primary fields with mixed boundary conditions have half- integral 
monodromy charge with respect to J*°*; if the internal theory is itself a tensor product of 
N = 2 theories, then the group generated by all bilinears in the vector currents has to extend 
the chiral algebra in order to align Ramond states and NS states (see P,|14fl). 



2.3 The extended Poincare polynomial 

We are now in a position to define the extended Poincare polynomial. Since the non-singlet 
Eq representations all come from Ramond ground states of the GSO-projected theory, we 
encode, as for the ordinary Poincare polynomial, only information on these states and their 
charges. Both the alignment of boundary conditions and the generalized GSO-projection 

3 We have to project on even charges since we work after having applied the bosonic string map. 
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correspond to integral spin simple currents and we may, in a first step, disregard the projections 
corresponding to the product of 5 functions in the expression (|) and consider the 'unprojected 
orbifolds'. Eventually, to obtain the projected orbifold, we just have to omit the contributions 
with non-integral monodromy charges. The aim of the extended Poincare polynomial is to 
encode all information about an N = 2 superconformal theory which is necessary to compute 
the massless spectrum of any tensor product with c = 9 that contains this model as one 
factor. To this end we also need to encode information on the twists: We first define the 'full 
extended' Poincare polynomial 

i 

V(t,t,x,a) = Yl E xl ° kp iAt,i), (8) 

Z>0 fc=0 

where Pi^(t,t) is the Poincare polynomial of the unprojected sector twisted by JfJ^- Hence, 
Pi t k is obtained by looking for all pairs (a, a 1 ) of Ramond ground states with a 1 = JfJ^a; the 
charges of a and a' are encoded in the exponents of t and i, respectively. 

The information on the location of Ramond ground states on the simple current orbits of 
J s and J v is important if we consider tensor products of N = 2 factor theories. For simplicity 
we restrict ourselves to the case that the tensor product contains only two factors; what we 
are really interested in in this situation is the modular invariant obtained for the total spinor 
current J^J^ after the alignment of R and NS sectors. For the tensor product we thus 
obtain the 'full extended' Poincare polynomial by the prescription 

V(t,i,x,a) = J2x l (j:P$(t,t)P$(t,t)+a ^'(Ml^t)) • (9) 

l>0 \k=0 k=0 I 

Hence, (|8|) indeed encodes all the information from a factor theory that enters the computation 
of the generation numbers in arbitrary tensor products. In fact, this information is still redun- 
dant: Consider a pair of R ground states (a, a') whose contribution to P^k is t^^+f tQ( a ')+f _ 
Then eq. (^) implies that 

Q(a') = -2Q s (a') = Q(a) -2{21R SS + kR sv ) = Q(a) + Zf - k mod 2. (10) 

Hence the exponent 

k = Q(a) +1-- Q(a') mod 2 (11) 
3 

of a is fixed in terms of the other exponents. So we can set a to — 1; the negative sign is a 
convenient choice because a twist by an odd number of supercurrents J v implies a negative 
contribution to the index. 

In the original definition of the extended Poincare polynomial Schellekens, in addition, 
put t — 1. If we are only interested in applications to heterotic (2,2) string vacua built from 
diagonal theories, this is still a sufficient amount of information for the following reason. We 
can turn the above argument around and conclude that for given exponents of t, x and a 
the charge Q(u') of a' is known modulo 2. For a symmetric (2,2) vacuum this is all we need 
to know. In 0] it was implicitly assumed that, for a twist with a given power of the spinor 
current, all contributions with a fixed charge Q{a) contribute with the same sign to the index. 
In the next section we will show that this is the case for all diagonal N = 2 superconformal 
field theories. Therefore, for this application, the extended Poincare polynomial 

P(t,x) :=V(t,l,x,-l) (12) 
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indeed encodes sufficient information for the calculation of the massless non-singlet modes for 
arbitrary tensor products (without additional twists). 

It should be clear how the simple current construction of string vacua is related to the orbi- 
fold technique of ref. [0. In that paper the theory is modded by the symmetry j = exp(27riJ ), 
where Jo is the zero mode of the left-moving U(l) charge, in order to project to integral charges. 
The arguments concerning modular invariance are 'modulo GSO-projection', which means up 
to half-integral contributions to conformal weights in the Neveu-Schwarz sector and without 
specification of the action of the symmetry in the Ramond sector, i.e. up to a possible twist 
by the supercurrent. Our discussion shows that, in the specific situation which the extended 
Poincare polynomial was invented for, the Poincare polynomial P(t, t) for the projected total 
internal conformal field theory and P(t, x) encode equivalent information. In a more general 
situation, P(t, i, x) = V(t, i, x, — 1) would be more appropriate, since the complete information 
about left- and right-charges allows to treat non-diagonal theories, whereas the information 
on the twist, encoded by the exponent of x, allows to compute the relevant information 
individually for each factor in a tensor product. 

2.4 Orbifolds and chiral algebras 

At this place we want to make a few general remarks on orbifolds and their description in 
an algebraic framework. In the cases of orbifolds we considered so far, the chiral algebra was 
always extended by some integer spin simple currents (in case of discrete torsion X ^ X T the 
left and right extension can be different ||). There is, however, in the algebraic approach 
(compare e.g. [15|]) a different use of the word 'orbifold' which denotes the case when one 
restricts the chiral algebra to some subalgebra of the original chiral algebra. This subalgebra 
has to contain the Virasoro algebra of the original theory; hence the conformal anomaly has 
the same value c in both conformal field theories. This is the case e.g. for the Z2 orbifold of 
a free boson X compactified on a circle: while the original algebra contains all polynomials 
in dX, the chiral algebra of the orbifold only contains even polynomials in dX, which are 
invariant under dX 1— > —dX. 

In the case of a general orbifold, however, the situation is much more involved: It may 
be that the new chiral algebra A' neither contains the original chiral algebra A nor is itself 
contained in A; however, in any case the intersection A' H A is non-empty and contains the 
Virasoro algebra of A. It may even be that there is no change in the chiral algebra at all and 
that the invariant is a pure automorphism invariant. This can be observed rather explicitly 
with the simple current modular invariants if the simple current has non-integer spin. An 
example are the D-type modular invariants of su(2) at level k = 2 mod 4, which correspond 
to the automorphism of the fusion rule which maps the primary field with Dynkin label / onto 
itself if / is even and to k — I if I is odd. 

Note that any abelian orbifold has a symmetry group that is isomorphic to the twists 
defining the orbifold. It was observed for simple current invariants || that, in case of a cyclic 
center, the square of a modular invariant gives back the diagonal one if the modular invariant 
does not extend the algebra. In the orbifold language this corresponds to the modding by the 
'quantum symmetry' (i.e. the symmetry implied by the twist selection rule), which also gives 
back the original theory. Since the latter does not refer to the chiral algebra at all it is natural 
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to ask if we can return to the original theory by such a modding also if the chiral algebra of a 
simple current modular invariant is extended. In that case we must not consider the maximal 
chiral algebra, since then different twists contribute to the same primary field and we cannot 
see the twist selection rule (this implies that, in such a situation, we must work with operator 
products instead of fusion rules, which are only well-defined with respect to the maximal chiral 
algebra). Here we are indeed in the situation discussed in jOJ: The smaller algebra typically 
has more irreducible representations than the original one, and these must provide the twisted 
fields. By modding combinations of 'classical' and 'quantum' symmetries in an orbifold it 
is clear that we can have a mixed situation, where the chiral algebra is restricted and then 
re-extended by some fields from the twisted sectors.0 It would be interesting to extend this 
picture of going back and forth between the original CFT and the orbifold to non-abelian 
twists. 



3 The massless spectrum 
3.1 A non-cancellation theorem 

We are now going to prove that for a fixed twist with respect to the spinor current J s two 
Ramond ground states with the same charge can contribute to the index only with the same 
sign, in other words, that there are no cancellations within one fixed twisted sector. This 
result will allow us in the next subsection to compute n^f and n 27 separately. 

To prove this statement we fix a twist Sf and assume that there are two Ramond ground 
states | a) and |/5) with the same U(l) charge Q which both contribute to the extended Poin- 
care polynomial in that sector, but with different signs. We will show that this leads to a 
contradiction. 

After possibly interchanging the role of \a) and \/3), we may assume that \a!) = (J v Jg l ) \a) 
and \(3') = (Jf) \/3) both are non- vanishing. The index indicates the zero modes of the 
operators, and hence \a') as well as \(3') are Ramond ground states as well. Since the super- 
partner of a Ramond ground state is not a Ramond ground state, but rather has conformal 
weight h > £ we conclude that (Jf) \a) = has to vanish. 

The main tool to derive a contradiction is an operator whose zero mode connects |a) and 
It can be constructed as follows: consider the primary fields O a and Op that generate 
| a) and from the vacuum. In any N = 2 super conformal field theory we can split off 
a U(l) factor which is generated by the U(l) current of the N = 2 algebra and write the 
theory as a tensor product of the U(l) theory and some theory which only contains uncharged 

operators, with a non-product modular invariant. Therefore we can write O a = e iQ ^ x 6 a 

and Op = e 1 ®^ x Op in terms of the bosonized U(l) current and neutral operators O. These 
operators can a priori contain a polynomial in the derivative of X which is uncharged as well. 
However, the derivative of X is proportional to the U(l) current in the N = 2 algebra, which 
is an element of the chiral algebra. Hence the presence of such operators in would contradict 

4 Technically, the quantum symmetries can be implemented by introducing twists that act trivially on the 
original CFT, except for certain discrete torsions with the twists defining the orbifold Jig]. 
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the requirement that both |a) and \(3) are primary. 

If we now use spectral flow to relate Op to a chiral operator O c and the conjugate operator 
O a c to an anti-chiral operator O a , we observe that the zero mode of O a sends |a) into the R 
ground state | J" 1 ) with lowest U{1) charge and that the zero mode of O c sends that state into 
Hence (3) = ipo\a) with ip = (O c ) (O a ) . Since ipo does not change the X dependent part 
of O a it has to be uncharged and can therefore contain at most a polynomial in OX and its 
derivatives, which acts on \a) as a c-number y. Since the only property of we are interested 
in is that it maps \a) on (3) we can replace the polynomial in dX by y and assume that ip® 
is chosen to be completely independent of X and its derivatives, and thus commutes with J 21 
which is entirely build out of exponentials of X. 

Putting the pieces together we find \(3') = (Jf ) ^ |a) = iPq{J 21 )q\o) = 0, which is a 
contradiction to our original assumption that a and f3 both contribute to the index with the 
same Jf twist but with different signs. 



3.2 Computation of the massless spectrum 

In is was shown how to compute the index of the GSO-projected theory directly from the 
Poincare polynomial of the untwisted theory. To this end, the following quantities have been 
introduced: 

V r s := tr„ W e 2 ™( J °-~e ) e WQ+-Q-) = j*(rc/3+Q + -Q-) e 2nirJ 0q L -c/24 q L -c/M ^ 

Here tr ( s ) denotes the trace over all Ramond ground states in the s-th twisted sector and 

Kg 

tr^s) the trace over the whole s-th twisted Ramond sector. Q± denotes the left and the right 
moving U(l) charge, respectively. The projection that is implemented by inserting the sum 
over r of (exp(27ri(J — c /6))) r along the second cohomology cycle of the torus takes into 
account the shift of the charges by c/6 under spectral flow to the Ramond sector. 



The numbers P rjS are index-like quantities and close relatives of the elliptic genus [17. LS 
To make the relation precise let us define for any twisted sector s the following trace: 

Z s (q,r;q,f) := tr R{s) (-l) F q Lo - c/24 q L °- c/24 e 2n[(rJo - fJo) (14) 

Our notation slightly differs from the usual definition by the factors of 2tt and a relative minus 
sign for J and J. The elliptic genus can be obtained from this expression by setting f = 0, 
while r can take any value. Using index arguments one finds that this function does not 
depend on q any more and one ends up with a character valued index which is a signed sum 
over the characters of Ramond ground states. 

There is however, another set of index-like quantities, which can be obtained by restricting 
the values of r and f in a different manner: Both are required to be integers. The usual index 
argument shows that for integral values of r and f the contributions of two superpartners to 
Z s cancel and that therefore Z s does not depend on q and q any more. 

The numbers P rjS can be obtained from (|T4| ) by setting f to zero, 

V r , s = Z s (r,0)e^ 3 ; (15) 
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as we have set f = this is equal to the elliptic genus, which at values of r we have chosen does 
not depend on q either and therefore simply is a number. Since these quantities are indices 
they are modular invariant and we can express those belonging to the twisted sectors using 
only expressions in the untwisted theory j4|: V r , s = Vd r +bs,cr+as = Prns,o, where r D s denotes 
the greatest common divisor of r and s. 

In M it was argued that the contribution Xs of the s-th twisted sector to the Euler number 

is 

i M-l 

Xs = -T7 E V rns, where V r := V rfi = P(t = e 2 ™,t= 1). (16) 

M r=0 

Any of these numbers must be an integer; we will use this later to derive restrictions on the 
possible form of the extended Poincare polynomial. The Euler number itself is given by 

M-l 

X=Ex, (17) 

s=0 

Since we know that within a fixed twisted sector the contributions to Xs do n ot cancel, we 
can also derive an expression for the total number £ = \7Z\ of Ramond ground states in the 
GSO-projected theory in terms of the Poincare polynomial of the untwisted theory: 

s = ti Ro i = E = E 

s s 

If we assume that space-time supersymmetry is not extended, we have the two relations 

X = 2(^27-^27) an d S = 4 + 2(n 2 7 + ^27) (19) 

which determine both n 2 7 and n-^f separately. This assumption is no real obstacle in practice 
since space-time supersymmetry can only be extended if the Euler characteristic x vanishes. 
More precisely, the Poincare polynomial has to factorize into a c = 3 and c = 6 part, and the 
inverse charge quantum M must be the (co-prime) product of the inverse charge quanta of 
the factors. 



3.3 Constraints on the indices V r 

The indices V r are highly constrained by consistency requirements. First of all, they have all 
to be integers, since V s = Vq, s counts the number of Ramond ground states in the s-th twisted 
sector. In addition, the twist is modM and hence V r , s is periodic modM in the second label. 
Hence we have 

V r = V r fi = V r; M = VrnM , (20) 

and V r can depend only on r fl M. As a consequence, also the contribution of the s-th twisted 
sector to the Euler number only depends on s fl M. 

In addition, there are divisibility constraints coming from formula (|T6|) for the Euler number 
in the twisted sectors. If, e.g., p is a prime divisor of M, then Xp — \^Pv + (P ~ 1)^0 mus t 
be an integer and hence V p — V\ must be a multiple of p. 
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We can also restrict the charges that occur in the s-th twisted sector: To begin with, 
assume that s and M are co-prime; then we have also that (r D s) D M — 1 for all r. We can 
use (|IED to calculate 



M-l 

Xs = J7 E ^n, = Pi = = Po, s - (21) 

iW r=0 

Note that the sum over r implements on the states in the Ramond sector a projection on 
charges for which Q + | G Z. Since there are no cancellations in x s , the calculation shows 
that this projection keeps all states in the s-th twisted sector and that therefore the charges 
of the Ramond ground states in this twisted sector obey Q + | G Z. It is straightforward to 
generalize this constraint to the case when s and M are not co-prime, s(~)M = I. A calculation 
analogous to ([H]) shows that in this case 

t M/l-l 

TT E Vlr,s = V ,s, (22) 
JW r=0 

which shows that for the Ramond ground states in these sectors the charges obey Q + 1 G yZ. 

So far we have assumed that c := c/3 is an integer. This condition is not really a restriction, 
because we can always fulfill it for a tensor product with a suitable number of minimal models: 



For N = 2 theories k has to be even if M is even f[9 |. Hence we get an integral total c if 
we tensor with n minimal models at levels ki = M — 2, where n = k/2 if k is even and 
n = (k + M)/2 if is odd. The extended Poincare polynomial for minimal models 



M-l 

P(x,t M )^ = E t s ~ \\ (Zji?^M ( 23 ) 

was derived in 0. Note that there is a single contribution to the s th twisted sector which has 
charge (s — 1)/M. Thus, for a central charge c/3 = k/M G" Z, the charges of Ramond ground 
states in the unprojected twisted sectors fulfill 

g+ o^ G ~ n ^ + 7fTM' n = HM+l)/2 mod M. (24) 

The Poincare polynomial of a minimal model evaluated at e 2nir / M is — e ~ 2mr / M _ Therefore 
V' r = e - 27rinr / M V r must be an integer, which, up to a sign, counts the numbers of Ramond 
ground states in the respective sector. 

For the problem of constructing P(t, x) from P(t) this means that, due to the non- 
cancellation theorem, we have restricted the possible extended Poincare polynomials for a 
given Poincare polynomial to a finite set which is rather small. All remaining freedom is in 
the integral part of the charges (or up to multiples of 1/7 if I = s n M > 1). In many cases 
the remaining freedom can be fixed by various consistency requirements. To illustrate this, 
we consider the Ej invariant^] of the N = 2 minimal model at level 16, which has the Poincare 
polynomial 

P(t 9 ) = i + t 2 + t 3 + t 4 + t 5 + t 6 + t 8 . (25) 

5 This is not a diagonal conformal field theory, but all contributions to the Poincare polynomial are diagonal. 
Our proof of non-cancellation can be extended to this situation. 



_! 1 - (-) S X 
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We find V[ = 1 and V 3 = —2. Since the central charge c is smaller than 3, all charges are 
smaller than 1 and the extended Poincare polynomial must be of the form 

P{x,t 9 ) = P{t 9 )+x + x 2 t 5 -x 3 {at + bt A + ct 7 )+xH 6 + x 5 t 2 -x 6 {ct + bt 4 + at 7 ) + x 7 t 3 + x 8 t 8 . (26) 

"Pg = —2 implies that a + b + c = 2; note that charge conjugation relates the sectors with s = 3 
and s = 6. The projection to 'integral charges' (after tensoring 4 minimal models at level 7) 
acts non-trivially only in the sectors 3 and 6, where it keeps (V[ + V[ + V^)/3 = states. This 
implies a = 0, since a is the coefficient of the only term which contributes to states with an 
integer charge in the tensor product. With a simple observation we can also fix the coefficients 
b and c: If we tensor our model with itself and in addition with 8 minimal models at level 7, 
then not only (at) 2 , but also 2{bt 4 )(ct 7 ) has the correct charge to survive the projection in the 
3 rd sector. This time the projection keeps {{V[) 2 + (V[) 2 + (V^) 2 )/3 = 2 states, which implies 
that 26c = 2. Since b + c = 2 we conclude b = c = 1. 

If c is larger than 3 then we are (almost) always left with some ambiguity, because all 
information we obtained so far is insensitive to the integral part of all U(l) charges. In that 
case we can, however, use the sum rule for £7(1) charges that was derived in |L9] to constrain 
the integral parts of the charges (by applying this sum rule to tensor products we can derive 
further constraints, which was sufficient to fix all remaining freedom in a number of cases 
that we considered with c > 3). In [|2],[3|] consistency constraints for tensor products were 
also used to fix some ambiguity in the extended Poincare polynomial that arose from field 
identification fixed point problems in Kazama-Suzuki coset models. Note, however, that the 
only information on the specific conformal field theory we used was the ordinary Poincare 
polynomial. 



4 Extended Poincare polynomials for Landau— Ginzburg 
orbifolds 

In this section we discuss how to compute the extended Poincare polynomial in the orbifold 
framework and, as an application, derive an explicit formulae for the extended Poincare polyno- 
mials of Landau- Ginzburg models and their orbifolds. Recall that the operator j = exp(27riJ ) 
generates the symmetry group that leaves all states with integral charges invariant and that 
j M is the identity in the NS sector. We denote by Pi(t,i) the Poincare polynomial in the 
unprojected sector twisted by j l (up to superpartners, as discussed in section 2.3). In general 
Pi(t, t) will be asymmetric in t and t, even if the untwisted theory was diagonal. Up to a sign, 
the l-th twisted sector contributes to the extended Poincare polynomial with x l Pi(t, 1). If the 
left and right charges Q± of the states in the twisted sectors are known at least modulo two, 
we can use Equation (JTTJ) to compute this sign as (— l) s , with s = Q + — Q- + rc/3. This 
expression for s must be an integer even before the projection to invariant states. Hence we 
obtain the formula 

P(x, t) = ^(e im/3 x) r P r (e i7r t, e~ i7r ) (27) 

r>0 

for the extended Poincare polynomial. 
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4.1 Untwisted Landau- Ginzburg models 



For Landau-Ginzburg models, we are now in position to compute the extended Poincare 
polynomial: The charges of the twisted 'vacua' in the Ramond sector are known |7],^0],|2]J to 
be 

q±\j 1 )r = ( E (ft - \) ± E <fi? - h)\j% (28) 

where qi = ni/M is the U{1) charge of the i th field and of = Iqi — [lqi\ with [x] denoting 
the greatest integer smaller than x. Thus the Poincare polynomial in the I th sector is before 
projection: 

m,t) = n t^-^-- n \l ( ?L* » ^ 

the last factor comes from the chiral fields that are invariant under the twist and therefore 
contribute to Ramond ground states in the twisted sectors. Since c/3 = k/M = XX 1 — ^Qi) 
we obtain for the extended Poincare polynomial 

-i M I , , qi i 

p^t) = i _ ' e (-) s ^ r n ^ -« n Vrr' ( 3 °) 

where s r = Q+ — Q- + rc/3 = rN — N tw (r), N is the total number of fields and N tw (r) is the 
number of fields that are not invariant under j r . 

Applying this formula to the N = 2 minimal models with the diagonal modular invariant 
we recover the expression fl23"|); for the Ej invariant we find agreement with (|26|). We also 
checked formula ( p0|) for a large subclass of Grassmannian coset models, the CP n models, 
for which a Landau-Ginzburg description is known M. These coset theories correspond to 
Hermitian symmetric spaces of the form 

A( n ,l,k)= 3 " ( " + 1 i' (31) 
v ' su(n) ©u(l) v ' 

with central charge c = fc f ■ For our purpose the relevant data are the U(l) charges 
Qi = m+n+i °f ^ e chiral superfields with 1 < i < m. Note that the minimal model at level k 
can be described CP\ model at level k. 



4.2 Landau-Ginzburg orbifolds 



For LG orbifolds we can proceed analogously and use the more general formula 

Q±\h)n = ( ± E - \) + E (ft - h) \h)R (32) 

for the charges of the vacua in the sectors twisted by group elements h. Here h acts on the 
fields Xi like ftJQ = exp(27ri^ )Xj with phases < 9% < 1. In order to compute the extended 
Poincare polynomial for a LG orbifold with twist group Q we have to twist by all products 
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of group elements h G Q with powers of j. The projection, however, keeps all states that 
are invariant under the elements of the centralizer of h in Q, regardless of their charge (note 
that j commutes with all linear symmetries of the LG potential, so the centralizer is always 
independent of the j twist). The action of a group element g that commutes with h on the 
twisted ground states in the Ramond sector can be shown to be 

9\h) R = H K9il+Kh) e(g,h)(detg lh )\h) R , (33) 

where the phases e(g, h) fulfill the usual constraints on discrete torsions [pOj] . For the concept 
of the extended Poincare polynomial to make sense we have to make sure that the supercurrent 
survives the projection, i.e. all twists in Q must satisfy degg = (— l) Ka (see [|(J for details). 
This fixes the group actions in the R sector, whose signs are parametrized by (—l) Kg , and 
restricts the determinants of allowed twists to real values. 

Using the above formula for the charges of the twisted vacua and the fact that the 
chiral excitations are described by an effective LG theory consisting of the untwisted fields we 
find 

p h (t,t) = n n \~_ ( %r (34) 

for the unprojected contribution of the h twisted sector to the Poincare polynomial. In order 
to obtain the extended Poincare polynomial we have to sum over all twists h = hj r E Q x TLm\ 
the Ramond ground states in such a sector contribute to the coefficient of x r . Then we need 
to project to states that are invariant under the group elements of Q. 

For abelian groups this projection can be implemented directly in the above expression for 
Ph in a convenient and efficient way: Note that the denominators 1/(1 — (tt) qi ) describe the 
charge degeneracies of the free polynomial algebra and that the factors 1 — (ti) 1 ~ qt subtract 
the contributions from the ideals that are generated by the gradients of the potential. It 
is essential that these gradients are independent, which guarantees the correct counting and 
hence that the complete expression is a polynomial. Therefore we can implement the group 
transformation in a diagonal basis gXi = piXi by replacing the denominators by 1/(1 — 
pi(tt) qi ) and the factors in the numerator by 1 — p^ 1 {tt) 1 ~ q \ Additional phases come from 



the transformation properties (|33"D of the twisted vacua. Eventually we can implement the 
projection by summing over g 6 Q. It is, however, rather unpleasant to have polynomials with 
non-integral coefficient in the denominator. This can be avoided if we write 1/(1 — pi(tt) qi ) 
as feiHo 1 (Pi(tt) qx ) n ) /(I — (tt)' e ' 91 ), where we used that pf^ = 1. (Instead of summing over 
the group it is more efficient to work with formal variables describing the group action and 
to keep only those terms in the numerator that are invariant under all generators of the twist 
group Q). 

As a simple example we consider the ~2-2M orbifold of the tensor product of two minimal 
models at levels hi = 2M — 2. In order to have a real determinant, thus keeping spectral flow 
and supersymmetry, the two factors should transform with opposite phases. It is easy to see 
that this orbifold has the U(l) charges quantized in units of 1/M. Straightforward evaluation 
of the above formulas yields the extended Poincare polynomial 
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1 /l _ +2M-1 

p( X , t M ) = y~m {^T-r + (2M - 1)tM '' (35) 

M-l 

+ x '' (( 2r - W x + ( 2M - 2r - i)* M+r_1 ) 

r=l 

The choice of this example is motivated by the observation that, after tensoring with a third 
minimal model at level M — 2, the Landau-Ginzburg orbifold 

X 2M + Y 2M J Z 2M + Z M (36) 

reproduces the Poincare polynomial of the non-hermitian symmetric coset model 

(C 2 ) 2 m-3 ® so(6)i _ 

(Ci) 2 M-2 © U(1) 4M ' 

In fact, we find that the orbifold and the coset model also have the same extended Poincare 
polynomial and hence yield the same spectra in tensor products. Nonetheless, the two theories 
cannot be isomorphic, because e.g. the numbers of simple currents are different: The coset 
has 16M simple currents while a single minimal model at level k already has 4(k + 2) simple 
currents. 



5 Conclusions 

In this letter we have presented several new results concerning the computation of the topolog- 
ical part of the massless spectrum of a string compactification. For diagonal models we have 
proven a non-cancellation theorem which allows us to compute the number of generations and 
anti-generations using the Poincare polynomial only. 

Furthermore, we have generalized the definition of the extended Poincare polynomial for 
non-diagonal theories and derived explicit formulae for it in the case of Landau-Ginzburg 
models and their orbifolds. Since the extended Poincare polynomial is independent of the 
moduli, two theories with the same extended Poincare polynomial need not be isomorphic. 
But at least we know that all the spectra of all tensor products which contain them as factors 
are the same (provided that no additional symmetries, which exist for only one of the two 
models with coinciding Poincare polynomials, are modded). 

If the left and right charges of all Ramond ground states in the twisted sectors are known, 
as is the case for Landau-Ginzburg orbifolds, we can extend the definition of the Poincare 
polynomial to include also that information: 

P(x, t, t) = ^(e im/3 x) r P r (e i7r t, e" i7r t) , (38) 

r>0 

where the information of the sign now becomes redundant. This could be useful for more 
general string vacua, as well as for other reasons, e.g. the comparison of N = 2 theories that 
are given in a different formulation. 
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